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Exercise Solve the Cauchy problemut = uxx x ∈ R, t > 0u(x, 0) = sin x x ∈ R
then use formula (Hs) to infer the integration formula∫ +∞
−∞
e−s
2
cos(as)ds =
√
pi e−a
2/4, ∀a ∈ R
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Ieri abbiamo visto che la soluzione ha la forma
u(x, t) =
sinx√
pi
∫ ∞
−∞
e−s
2
cos(2s
√
t)ds =
sinx√
pi
f(t)
pertanto imponendo che detta funzione risolva il problema si trova
che f(t) risolve l’equazione differenziale
sinx√
pi
f ′(t) = −sinx√
pi
f(t)
da cui si ottiene il problema di Cauchy
f ′(t) = −f(t)
f(0) =
∫ ∞
−∞
e−s
2
cos(0)ds =
√
pi
4/12 Pi?
22333ML232
Black-Scholes equation
∂V
∂t
+
1
2
σ2S2
∂2V
∂S2
+ rS
∂V
∂S
− rV = 0,
S ≥ 0, t ∈ [0, T ]
(1)
is the Black-Scholes equation where V (S, t) is the value of the option,
S the price of the underlying, t the time, T the expiration date, σ the
volatility of the underlying and r the risk-free interest rate.
We suppose r and σ to be constant.
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http://www.francoiscoppex.com/blackscholes.pdf
Franc¸oise Coppex
Solving the Black-Scholes equation: a demystification
We will reduce the Black-Scholes equation to a general parabolic equa-
tions with constant coefficients.
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Franc¸oise Coppex
Solving the Black-Scholes equation: a demystification
We will reduce the Black-Scholes equation to a general parabolic equa-
tions with constant coefficients.
Consider the following change of variables:
S = Kex, (2a)
V (S, t) = Kv(x, τ), (2b)
τ = (T − t)σ2/2. (2c)
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The partial derivatives of V (S, t) therefore read
∂V
∂t
(2b)
= K
∂v
∂τ
∂τ
∂t
(2c)
= −Kσ
2
2
∂v
∂τ
, (3a)
∂V
∂S
(2b)
= K
∂v
∂x
∂x
∂S
(2a)
= K
∂v
∂x
∂
∂S
ln(S/K) =
K
S
∂v
∂x
, (3b)
∂2V
∂S2
(3b)
=
∂
∂S
(
K
S
∂v
∂x
)
= −K
S2
∂v
∂x
+
K
S
∂
∂S
∂v
∂x
=− K
S2
∂v
∂x
+
K
S
(
∂x
∂S
∂
∂x
)
∂v
∂x
=− K
S2
∂v
∂x
+
K
S2
∂2v
∂x2
.
(9c)
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Inserting Eqs. (3) into Eq. (1) gives
∂v
∂τ
=
∂2v
∂x2
+
(
2r
σ2
− 1
)
∂v
∂x
− 2r
σ2
v. (4)
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Inserting Eqs. (3) into Eq. (1) gives
∂v
∂τ
=
∂2v
∂x2
+
(
2r
σ2
− 1
)
∂v
∂x
− 2r
σ2
v. (4)
We define
a =
2r
σ2
− 1, (5a)
b = −2r
σ2
= −(1 + a), (5b)
therefore Eq. (4) takes the form of Eq. (p):
∂v
∂τ
=
∂2v
∂x2
+ a
∂v
∂x
+ bv. (6)
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General parabolic equations constant coefficients
We show how a linear parabolic equation of the form
vt = vxx + avx + bv, (p)
can always be reduced to the heat equation
ht = hxx (h)
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General parabolic equations constant coefficients
We show how a linear parabolic equation of the form
vt = vxx + avx + bv, (p)
can always be reduced to the heat equation
ht = hxx (h)
The solution of Eq. (p) must be of the form
v(x, t) = f(t)g(x)h(x, t) (a)
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General parabolic equations constant coefficients
We show how a linear parabolic equation of the form
vt = vxx + avx + bv, (p)
can always be reduced to the heat equation
ht = hxx (h)
The solution of Eq. (p) must be of the form
v(x, t) = f(t)g(x)h(x, t) (a)
v(x, τ) = c1e
−(a2/4+a+1)τe−(a/2)xh(x, τ), c1 ∈ R
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In order to sum up, the BS equation takes the form of a diffusion
equation with the following change of variables:
∂h
∂τ
=
∂2h
∂x2
, x ∈ R, τ ∈ [0, σ2T/2],
S = Kex,
τ = (T − t)σ2/2,
V (S, t) = Ke−(a
2/4+a+1)τe−(a/2)xh(x, τ),
a = 2r/σ2 − 1.
(7)
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The partial derivatives of v(x, t) defined by (a) therefore read
vt = ftgh+ fght (8a)
vx = fgxh+ fghx (8b)
vxx = fgxxh+ 2fgxhx + fghxx (8c)
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The partial derivatives of v(x, t) defined by (a) therefore read
vt = ftgh+ fght (8a)
vx = fgxh+ fghx (8b)
vxx = fgxxh+ 2fgxhx + fghxx (8c)
Inserting Eqs. (8) into Eq. (p) gives
ftgh+ fght = fgxxh+ 2fgxhx + fghxx + afgxh+ afghx + bfgh (9)
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The partial derivatives of v(x, t) defined by (a) therefore read
vt = ftgh+ fght (8a)
vx = fgxh+ fghx (8b)
vxx = fgxxh+ 2fgxhx + fghxx (8c)
Inserting Eqs. (8) into Eq. (p) gives
ftgh+ fght = fgxxh+ 2fgxhx + fghxx + afgxh+ afghx + bfgh (9)
Eq. (9) can be satisfied if f and g are of the form
f(t) = c1 exp[f˜(t)], (10a)
g(x) = c2 exp[g˜(x)], (10b)
where c1 ∈ R and c2 ∈ R are two constants.
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Therefore:
ft = ff˜t (11a)
gx = gg˜x (11b)
gxx = gg˜xx + gg˜
2
x (11c)
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Therefore:
ft = ff˜t (11a)
gx = gg˜x (11b)
gxx = gg˜xx + gg˜
2
x (11c)
Inserting Eqs. (10) and (11) into Eq. (9) gives
ht = hxx + hx
[
2g˜x + a
]
+ h
[− f˜t + g˜xx + g˜2x + ag˜x + b] (12)
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Therefore:
ft = ff˜t (11a)
gx = gg˜x (11b)
gxx = gg˜xx + gg˜
2
x (11c)
Inserting Eqs. (10) and (11) into Eq. (9) gives
ht = hxx + hx
[
2g˜x + a
]
+ h
[− f˜t + g˜xx + g˜2x + ag˜x + b] (12)
In order for Eq. (12) to be of the form of Eq. (h), it is required that:
2g˜x + a = 0 =⇒ g˜(x) = −ax
2
+ c1, (13a)
−f˜t + g˜xx + g˜2x + ag˜x + b = 0 =⇒ f˜(t) = (b−
a2
4
)t+ c2 (13b)
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Putting back Eqs. (13) into the solution (a) one gets
v(x, t) = c1e
(b−a2/4)te−(a/2)xh(x, t) c1 ∈ R. (14)
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Putting back Eqs. (13) into the solution (a) one gets
v(x, t) = c1e
(b−a2/4)te−(a/2)xh(x, t) c1 ∈ R. (14)
To solve (6) we use formula (14)
v(x, τ) = c1e
−(a2/4+a+1)τe−(a/2)xh(x, τ), c1 ∈ R. (15)
